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Equation of motion for density distribution of many circling particles with an
overdamped circle center
Tieyan Si
Max-Planck-Institute for the Physics of Complex Systems. Nothnitzer Street 38, D-01187 Dresden, Germany
(Dated: October 31, 2018)
We first established the dynamic equations to describe the noisy circling motion of a single par-
ticle and the corresponding probability conservation equation in both two dimensions and three
dimensions, and then developed the evolution equation of density distribution of many circling par-
ticles with overdamped circle center. For many circling particle system without any external force,
the density gradient in one direction can induce a flow perpendicular to this direction. While for
single circling particle, similar phenomena occurs only for non-zero external force. We performed
numerical evolution of the density distribution of many circling particles, the density distribution
behaves as a decaying Gaussian distribution propagating along the channel. We computed the par-
ticle flow field and the effective force field. Vortex shows up in the high density region. The force
field drive particles to the transverse direction perpendicular to the density gradient. We applied
this non-equilibrium evolution equation to understand the diffusion phenomena of many sperms(J.
Exp. Biol. 210, 3805-3820 ). Numerical evolution gave us similar density distribution as experimen-
tal measurement. The transverse flow we predicted provide a theoretical understanding to the bias
concentration of many sperms(J. Exp. Biol. 210. 3805-3820 ).
PACS numbers: 05.40.Jc, 82.70.Dd
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I. INTRODUCTION
Particles moving along a circular trajectory appears
everywhere in nature. The most familiar examples are
the moon and electron. Living microorganism moving
along circles is unusual. The bacterium Escherichia coli
swim in circles near a surface[1][2][3][4]. Sea urchins sper-
matozoa swim along a helical trajectory in ocean. When
they reach the surface of ocean, they swim along a noisy
circle[5][6][7][8]. Some artificial particles also demon-
strate circular motion, such as red blood cell attached
2by a chain of colloidal magnetic particles[9] and dou-
ble faced nanorodes[10]. Living microorganisms swim
in thick liquid with low Reynolds number. Hydrody-
namics at low Reynolds number may play an impor-
tant role[11][12][13][14][15]. Recently, the circular mo-
tion of living microorganism has attracted a lot of theo-
retical interests which covered various different biological
mechanism[1][2][3][4][16] [17][18][19][20][21][22][23].
So far, there is no analytic theory to study the gen-
eral physics of circling particle with overdamped circle
center. In order to demonstrate the common physics of
various different circle swimmers, we study a type of ab-
stract point particle as analogy of those tiny biological
microorganism. This abstract point particle inherit the
main characteristic motion of those circling microorgan-
ism. They bear the following characters: (1) the point
particle moves along a circle. The center of the circle is
drifting around. (2) The circling speed is much larger
than the drifting speed of the center so that one can ob-
serve an apparent circular trajectory. (3) The particle is
moving in a highly viscous environment which represents
the thick liquid filled with various different molecules,
proteins and other microorganism. (4) The drifting mo-
tion of the circle center is overdamped, because the slow
drifting of the circle center is too weak to counterbalance
frictional resistance. The local circling motion around the
circle center is not overdamped, because the self-propel
force canceled the frictional force in the tangent direction
along the circle. (5) The particle obeys Newton’s law of
motion. The force in Newton’s law of motion is the super-
position of deterministic force and stochastic force. We
put the stochastic force and deterministic force together
to get unified theoretical description.
The abstract circling particle is a theoretical map-
ping of circling bacteria and sperm. Both the bac-
terium Escherichia coli and sea urchins spermatozoa
are macroscopic objects comparing to the scale of water
molecules. When there is no any other external chem-
ical source, the circle center of a single circling bacte-
ria or a sperm randomly drift around[6]. In the pres-
ence of chemoattractant, the center began drifting along
some bias direction[5][6]. In both cases, the trajectory is
well approximated by drifting circles. An apparent circu-
lar trajectory requires the local circling speed should be
much higher than the drifting speed of the center. If the
circle center moves faster than the local circling particle
itself, the trajectory would not be drifting circles.
Recently an experiment had been conducted to study
the diffusion phenomena of many Arbacia punctulata
spermatozoa in seawater, jelly coat solution and resact
solution[24]. The experiment observation in Ref.[24]
is performed in a rectangular migration channel with
sperm reservoir and chemoattractant attached to its two
ends(Fig. 1). The diffusion image shows the sperm liken
to concentrate one side of the channel. Sperms move
faster near the boundary of the channel[24]. One mo-
tivation of my theoretical research is to understand the
diffusion phenomena observed in Ref. [24].
FIG. 1: The experiment device for the diffusion of many
sperms under attraction of chemoattractant in Ref.[24]. Each
circle represents one sperm. The arrow labels the circling di-
rection. The length of the channel is 7000-9000 µm, the width
is 500 µm, and the height is 100 µm.
The organization of the article is following:
In section II, we derived the probability conservation
equation of single circling particle both in two dimensions
and three dimensions. We established the dynamic equa-
tion of single circling particle from Newton’s law of mo-
tion. The force term is the sum of deterministic force and
stochastic force. If there is no external forces, the center
of single circling particle would randomly drift around. In
the presence of an effective external field, such as electric
field for charged particle or chemoattractant for bacteria
and sperm, there exists a drifting velocity perpendicular
to the direction of the external field.
In section III, we derived the evolution equation for the
density distribution of many circling particles from New-
ton’s law of motion and the conservation equation of total
particle number. The general Fokker-Plank equations is
a special approximation of the evolution equations we
derived.
In section IV, we performed numerical computation of
this evolution equation of density distribution. It shows
particle number conservation equation captured most im-
portant physics of many circling particles system, and
gave similar density distribution as experimental mea-
surement. A drifting flow perpendicular to the density
gradient shows up for the case without any external field.
If the external field is too strong, the bias density con-
centration is suppressed. We also found vortex and tur-
bulence configuration.
In section V, we applied the evolution equation of den-
sity distribution to understand the many sperm diffusion
experiment[24]. We assumed that the action of chemoat-
tractant on sperm is equivalent to an effective attractive
force. Numerical evolution of the many particle diffu-
sion equation shows a transverse flow perpendicular to
the density gradient. The direction of this transverse
flow depends on the direction of angular velocity. Simi-
lar density distribution as that of the experiment data in
Ref.[24] is obtained.
Section VI is devoted to a brief summary. The detail
calculation for deriving my equations are presented in the
appendix.
3II. THE PROBABILITY CONSERVATION
EQUATION OF SINGLE CIRCLING PARTICLE
The sperm or bacteria swim along a noisy circle (Fig. 2
(b)). We cover the noisy circle by a perfect circular tube.
The sperm or bacteria is mapped to a point particle( Fig.
2 (a)). This point particle is moving along the center-line
of the annulus( Fig. 2 (b)).
FIG. 2: (a) The coordinates of one circling particle. (b) Bac-
teria or sperm swims along a fluctuating trajectory which is
confined in an annulus.
The vector denoting the instantaneous position of a
circling particle may be decomposed as the sum of two
vectors: one vector is the instantaneous center of the cir-
cle, ~R(t) = Rx(t)ex + Ry(t)ey; the other vector mea-
sures the relative position with respect to the center,
~r(t) = rx(t)ex + ry(t)ey. Vector ~r(t) is rapidly circling
around the center at frequency ω,
rx(t) = r0(t) cos(ωt), ry(t) = r0(t) sin(ωt). (1)
A general geometric description of a helical curve of drift-
ing circle reads
x(t)ex + y(t)ey = ~R(t) + ~r(t). (2)
One may use differential geometry as another equivalent
mathematical description of circling particles, however it
is not convenient to study the motion of the drifting cen-
ter and the local circling motion separately. The center
has the freedom to move across the whole space, while
the local circling motion is confined in a small circle with
radius r0(t)(one may choose r0(t) = constant for spe-
cial cases, here we allow the radius to fluctuate). For a
circling bacteria and sperm, the velocity of the drifting
center is much slower than the local circling motion. The
dominant dynamics of the circle center and the circling
motion around the center is different.
A noisy circular trajectory is the output of three in-
dependent noisy forces: the external force on the circle
center, the tangent force modifying the angular frequency
and the fluctuating centripetal force. A stochastic trajec-
tory itself can not tell which force results in the ultimate
trajectory. The complete coordinates equation of a fluc-
tuating circular trajectory is
x˜(t) = [R0x(t) + ξ
R
x (t)] + [r0(t) + ξ
r(t)] cos[ω0 + ξω(t)],
y˜(t) = [R0y(t) + ξ
R
y (t)] + [r0(t) + ξ
r(t)] sin[ω0 + ξω(t)].
(3)
The continuous function (R0α(t), α = x, y, ) indicates
the average position of the fluctuating part ξRα (t) within
a relatively longer time interval. The fluctuating radius
is also denoted as a fluctuating factor upon the average
length of the radius. The fluctuating part should be much
smaller than the corresponding average length of the ra-
dius so that one is able to observe a fluctuating circle.
Out of the same reason, we set the average frequency to
a much larger value than the fluctuating term, i.e.,
|ξr(t)| ≪ r0(t), |ξ
ω(t)| ≪ ω0. (4)
A noisy circle is the output of dominant deterministic
motion over small fluctuations. If the deterministic force
dominates the motion of a particle along a helical curve,
we can define the tangent vector of the trajectory as ve-
locity(see Appendix A). Acceleration can be related to
the curvature of the trajectory. Circling motion is not
inertial motion. The centripetal force only change direc-
tion of the velocity while keep its absolute value invari-
ant. When we say a particle is circling around a center,
we have chosen a reference coordinates system in which a
static observer stands far away from the particle and its
center. If we put the reference coordinates system on the
particle itself, an observer sitting on the particle would
find the center of the original circle is circling around the
particle. In fact, according to Newton’s law of force, the
center pulls the particle through centripetal force as well
as the particle pulls the center through the same force in
an opposite direction.
In the laboratory reference coordinates, the centripetal
force exerted upon the circle center by the local circling
motion is expressed by angular frequency(see Appendix
A for detail calculation),
Fcen = − ~˙R× ~ω = −[ ~˙R
0(t) + ~˙ξR(t)]× [~ω0 + ~ξω(t)]. (5)
This centripetal force Fcen is a mathematical conception
defined on a helical curve(see Appendix A for detail cal-
culation). Here we use some continuous function ~ξR(t)
as one approximation of the local fluctuating amplitude
function so that ~˙ξR(t) has a good mathematical defini-
tion. In fact, this centripetal force comes from the geom-
etry of the circular trajectory. Imagine a particle circling
around a static center at velocity V0, when an external
force promoted its velocity to V0 + 3∆V , the centrifugal
force is increased which in turn lengthen the radius. The
static center of the original small circle is pushed to the
new position of the center of the larger circle. As the
particle is moving against high frictional force, the veloc-
ity will decrease, so does the radius of the instantaneous
circle(Fig. 3). The motion of the instantaneous center is
driven by the centripetal force − ~˙R× ~ω(Fig. 3).
We divide the force in Newton’s equation of motion
for the circle center into three parts: the first is the cen-
tripetal force; the second is frictional force, Ffriction ∝
−mη ~˙R; the third is external force F . The Newton’s equa-
4FIG. 3: . A schematic demonstration of the centripetal force
upon the circle center. The double dashed-line is the tra-
jectory of the center. The angular velocity points out of the
paper. V0 is the average velocity maintained by the self-propel
force.
tion of motion for the circle center reads
m~¨R = −m~˙R× ~ω + ~F −mη ~˙R, (6)
where η indicates the friction coefficient. The center co-
ordinates ~R, external force ~F and angular frequency ω are
denoted as the sum of a deterministic term and stochastic
term,
Rx = [R
0
x(t) + ξ
R
x (t)], Ry = [R
0
y(t) + ξ
R
y (t)],
Fx = [F
0
x (t) + ξ
F
x (t)], Fy = [F
0
y (t) + ξ
F
y (t)],
ω = ω0 + ξω(t). (7)
The Newton’s equation with stochastic variables is
m[ ~¨R0(t) + ~¨ξR(t)] = −m[ ~˙R0(t) + ~˙ξR(t)]× [~ω0 + ~ξω(t)] + [~F 0 + ~ξF (t)]−mη[ ~˙R0(t) + ~˙ξR(t)], (8)
We decompose the equation of motion (8) into a pair
of deterministic equations and a pair of stochastic equa-
tions,
R¨0x = −ω
0R˙0y − ηR˙
0
x +
F 0x
m
,
R¨0y = ω
0R˙0x − ηR˙
0
y +
F 0y
m
, (9)
ξ¨Rx = −ξ
ω(t)[R˙0y + ξ˙
R
y ]− ω
0ξ˙Ry − ηξ˙
R
x +
ξFx (t)
m
,
ξ¨Ry = ξ
ω(t)[R˙0x + ξ˙
R
x ] + ω
0ξ˙Rx − ηξ˙
R
y +
ξFy (t)
m
. (10)
We assume the particle moves in an environment with
high frictional force. The motion of the center is over-
damped due to the high frictional force. The inertial
effect may be ignored, thus we set them to zero,
R¨0x = 0, R¨
0
y = 0, ξ¨
R
x = 0, ξ¨
R
y = 0. (11)
Noticing here it is the circle center’s inertial term. The
local circling motion of the particle itself is not over-
damped. The self-driven force of the local circling motion
canceled the frictional force along the circle. For bacte-
ria or sperm, the local self-driven force comes from the
beating flagella which has bias beating directions. The
beating flagella push it to move along a circle against
the frictional force in the direction of the tangent vector
of the circle. In the meantime, the beating flagella pro-
vide an effective centripetal force perpendicular to tan-
gent vector which leads to a circular trajectory.
The deterministic velocity for the overdamped case is
determined by Newtonian equation (9) and the constrain
~¨R0 = 0,
R˙0x(t) = σ
0
xxF
0
x + σ
0
xyF
0
y ,
R˙0y(t) = σ
0
yyF
0
y + σ
0
yxF
0
x , (12)
where the drifting tensor σ0 are
σ0xx =
m−1η
η2 + [ω0]2
, σ0xy = −
m−1[ω0]
η2 + [ω0]2
,
σ0yy =
m−1η
η2 + [ω0]2
, σ0yx =
m−1[ω0]
η2 + [ω0]2
. (13)
We substitute the deterministic velocity equation (12)
into the stochastic Newtonian equation (10), and derive
the overdamped fluctuating components,
ξ˙Rx = [σxx − σ
0
xx]F
0
x + [σxy − σ
0
xy]F
0
y
+ σxxξ
F
x (t) + σxyξ
F
y (t),
ξ˙Ry = [σyy − σ
0
yy]F
0
y + [σyx − σ
0
yx]F
0
x
+ σyxξ
F
x (t) + σyyξ
F
y (t), (14)
where the stochastic drifting tensor are
σxx =
m−1η
η2 + [ω0 + ξω(t)]2
, σxy = −
m−1[ω0 + ξω(t)]
η2 + [ω0 + ξω(t)]2
,
σyy =
m−1η
η2 + [ω0 + ξω(t)]2
, σyx =
m−1[ω0 + ξω(t)]
η2 + [ω0 + ξω(t)]2
,
(15)
5Combining the determinist position of the overdamped
circle center and its fluctuating components around the
deterministic trajectory, we get the instantaneous posi-
tion of the particle itself in the whole space,
x˜(t) =
∫ {
σxx[F
0
x (t) + ξ
F
x (t)] + σxy[F
0
y (t) + ξ
F
y (t)]
}
dt
+ [r0(t) + ξ
r(t)] cos[ω0 + ξω(t)],
y˜(t) =
∫ {
σyy[F
0
y (t) + ξ
F
y (t)] + σyx[F
0
x (t) + ξ
F
x (t)]
}
dt
+ [r0(t) + ξ
r(t)] sin[ω0 + ξω(t)]. (16)
Here the radii is fluctuating around an average value.
For the special case, one may take the radii as constant
r0(t) = r0 = const, the terms containing r˙0(t) = 0 will
become zero. The key difference between circling particle
and non-circling particle is clearly shown in this equa-
tion. For a circling particle, a force in X-direction can
induce the motion in Y -direction, and vice verse. For
non-circling particle, the angular velocity is zero, ω = 0,
i.e., σxy = σyx = 0, the motion in X-direction and Y -
direction are independent. It must be pointed out here
that we do not put any constrain on the ratio between
the determinist force term and the stochastic force term.
If the stochastic force is much larger than deterministic
force, the circle center would behave like Brownian par-
ticle.
The drifting of the circle center governs the probability
distribution of the particle in large scale. If the center of
the circle is fixed at one point, the particle is just circling
around this center, the probability distribution along this
circle is already known. We want to find the unknown
probability distribution in the whole space. So we choose
the size of the smallest unit box as much larger than the
circle. Each value of the probability density function, ψ,
is defined on one unit box. We define a probability flow:
ψ ~˙R. The probability flow measures how fast the particle
flows out of a small confined region. The decrease of
the probability within this small confined region must
equals to the integral of the probability flow along the
boundary. This gives us the conservation equation of
probability distribution,
∂tψ +∇R · (ψ ~˙R) = 0. (17)
For a circling particle, we substitute Eq. (12) into Eq.
(17), the probability conservation equation reads
∂ψ
∂t
+
∑
ij
∂Ri[σijFj(x, y)ψ] = 0. (18)
If the friction coefficient η and drift tensor ~σ are state
independent, we get a simpler diffusion equation,
∂ψ
∂t
+ [σyyFy + σyxFx] ∂Ryψ
+ [σxxFx + σxyFy ] ∂Rxψ
+ [σyy∂RyFy + σyx∂RyFx] ψ
+ [σxx∂RxFx + σxy∂RxFy] ψ
= 0. (19)
The drifting tensor for a circling particle are not arbitrary
function, they must satisfy the relations,
σxx = σyy =
η
ω
σyx, σxy = −σyx. (20)
These constrains only exist for circling particles. The
key physics of circling particle is lost in the conventional
Fokker-Plank equation in which the diffusion tensor and
drifting tensor are arbitrary independent functions.
We derived the probability conservation equation in
polar coordinates following the same strategy above(See
Appendix C for details),
∂ψ
∂t
+
∂
∂R
[σθθψFθ + σθRψFR]
+
1
R
∂
∂θ
[σRRψFR + σRθψFθ].
= 0. (21)
In three dimensions, the probability conservation equa-
tion reads(detail calculation is presented in Appendix D),
∂ψ
∂t
+ [σxxFx + σxyFy + σxzFz ] ∂Rxψ
+ [σyxFx + σyyFy + σyzFz] ∂Ryψ
+ [σzxFx + σzyFy + σzzFz] ∂Rzψ
+ [σxx∂RxFx + σxy∂RxFy + σxz∂RxFz ] ψ
+ [σyx∂RyFx + σyy∂RyFy + σyz∂RyFz ] ψ
+ [σzx∂RzFx + σzy∂RzFy + σzz∂RzFz ] ψ
= 0. (22)
The tensor elements of the drifting tensor and diffusion
tensor are not independent. As long as the angular veloc-
ity is not zero, the external force in X-direction Fx will
induce the motion in Y− and Z−direction, so does the
other force component, Fy and Fz. This is the special
dynamics of circling particles.
III. THE CONSERVATION EQUATION OF
TOTAL NUMBER OF MANY CIRCLING
PARTICLES WITH OVERDAMPED CIRCLE
CENTER
We study the spatial distribution of many particle
system and how this spatial distribution evolves as a
function of time. We introduce a density distribution
function Ns which is only a function of space time,
6Ns = Ns(x, y, z, t). Density distribution quantifies the
number of particles in an unit spatial area at certain time.
We may choose two different spatial scales to define den-
sity. One scale is the unit scale measuring the size of the
particle itself. The other scale is the unit scale measuring
the size of the circle. If one defines density as the num-
ber of particles in an unit scale of the particle itself, the
density distribution is just a sharp peak moving along
circular trajectory. The average of these peaks in a long
time scale sit right at the center of the circle. When the
center of the circle is fixed, the spatial distribution of
particles large scale is almost static in spite of local fluc-
tuation within every circle. The circle center dominates
the spatial density distribution in large scale. Therefore
the smallest unit scale of defining density should be larger
than the radius of the circle(Fig. 4),
∆x ≥ 2r0, ∆y ≥ 2r0, ∆t ≥ T0. (23)
where T0 is the periodicity of circling motion. The step
size of experiment measurement must also satisfy the
above constrain.
FIG. 4: The viscous fluid model of many circling particles for
the high density case. We first make coarse grain approxima-
tion of a number of circling particles confined by unit square,
then take every unit square as one renormalized point particle.
Finally, we condensed these point particles into compressible
fluid.
The density measures the number of particles in unit
box ∆x∆y∆t. Since the unit box ∆x∆y∆t is the small-
est box we study, the relative motion of the particles
inside the unit box does not contribute to the motion of
the box. We take mean field approximation within every
unit box. The collisions between particles within unit
box is neglected. The center of mass of these Ns parti-
cles sits right at this ideal point. The sum of the velocity
of shifted to the lower half plane. The vortex sits in the
highest density region. these Ns particles is the velocity
of this ideal point. The centripetal force on the unit box
is the sum of the centripetal force of the Ns particles.
The ideal point as a representation of unit box behaves
like a renormalized particle with the total mass of Ns
particles. It interacts with other unit boxes like point
particle interacting with point particle(Fig. 4). In this
case, we take the many circling particle system as com-
pressible fluid. The density function Ns is governed by a
pair of special hydrodynamic equations for compressible
viscous fluid.
A. The conservation equation of total particle
number
Diffusion is a non-equilibrium process to reach an equi-
librium state. When many particles confined in a small
region get the degree of freedom to move in a larger space,
they diffuse into free space until the density distribution
in the whole space becomes homogeneous. The entropy
of the system increased during diffusion. The density
gradient of inhomogeneous density distribution acts as
an effective driving-force driving particles in high den-
sity region to low density region. This effective driving
force is comprehensible from point view of the second law
of thermodynamics. Entropy is increasing during diffu-
sion. We assume the effective force of density gradient is
Fgradient = −∇RNs. The particle is moving against high
frictional resistance. The faster it moves forward, the
stronger resistance it will encounter. In the most general
cases, the resistant force non-linearly depends on velocity,
|Ffriction| = −η(| ~˙R|)
β , β is an index that could be real
numbers. We only study the linear case for simplicity,
Ffriction = −η ~˙R.
The density distribution for the viscous fluid of cir-
cling particles is governed by fluid dynamic equation and
particle number conservation equation,
mNs ~¨R = −mNs ~˙R× ~ω +Ns ~F −D∇Ns −mNsη ~˙R,
∂tNs +∇R · (Ns ~˙R) = 0. (24)
Here η is the friction coefficient. The diffusion force term
from density gradient only exist in many particle system.
The density distribution of a single particle is a delta
function at one point, there is no density gradient. The
force term in Eq. (24) is the sum of a deterministic force
and stochastic force,
Fx = F
0
x (t) + ξ
F
x (t), Fy = F
0
y (t) + ξ
F
y (t). (25)
The angular velocity is fluctuating around central value
ω0,
ω = ω0 + ξω(t). (26)
The coarse grain approximation take all the particles in
the smallest unit box as one mean-field particle, it is no
longer important to consider the relative positions be-
tween particles within the smallest unit box. To show
the difference between single particle dynamics and many
particle dynamics, we divide both sides of the fluid dy-
namic equations (24) by density function to derive the
mean-field velocity of the many particles within one unit
box,
mR¨x = −mωR˙y −Dx
∂RxNs
Ns
−mηR˙x + Fx,
mR¨y = mωR˙x −Dy
∂RyNs
Ns
−mηR˙y + Fy. (27)
7Noticing here the velocity is not the velocity of a single
particle, but is the velocity of the coarse grained par-
ticle which represents all the particles within the unit
box. The diffusion coefficient Dx and Dy are state de-
pendent function, Dx = Dx(x, y) and Dy = Dy(x, y).
The friction force exerted on all the circle centers is
much larger than the inertial term. The motion of the
coarse grain particle is overdamped. We derived the over-
damped velocity of the unit box from Eq. (27) by impos-
ing mR¨x = 0, mR¨y = 0,
R˙x = −Dxy
∂RyNs
Ns
−Dxx
∂RxNs
Ns
+ σxxFx + σxyFy ,
R˙y = −Dyx
∂RxNs
Ns
−Dyy
∂RyNs
Ns
+ σyyFy + σyxFx,
(28)
where the diffusion tensor D and drifting tensor σ are
Dxx =
Dxη
mA2
, Dxy = −
Dyω
mA2
,
Dyy =
Dyη
mA2
, Dyx =
Dxω
mA2
,
σxx =
η
mA2
, σxy = −
ω
mA2
,
σyy =
η
mA2
, σyx =
ω
mA2
, (29)
A2 = η2 + ω2 is a normalization factor. The flow of the
renormalized particles is
Ji = NsR˙i =
∑
j
[σijFj(x, y)Ns −Dij(x, y)∂jNs] . (30)
The velocity R˙i is the velocity of unit box with mean
field approximation inside the box. We study how many
particles is distributed in the certain area at time t. The
unit box is much larger than the radius of the circle. If
the centers of the particles inside the unit box are fixed,
no matter how fast they are circling around their center,
the density function always has the same value. So we
neglect the local circling motion inside the unit box, and
only take into account of the motion of the circle center.
If we draw an arbitrary closed curve to confine a num-
ber of unit boxes, the number of particles flowing out of
this close curve equals the integration of the decreased
density function covering the area enclosed by this close
curve. The conservation equation of total particle num-
ber expressed by flow current is
∂tNs +∇R · J = 0, J = Ns ~˙R (31)
The first term of this conservation equation means the
decrease of total number of particles in this area, the sec-
ond term counts how many particles flow out of this area
by crossing the border. Substituting velocity Eq. (28)
into the conservation equation, we derived the evolution
equation of density distribution,
∂Ns
∂t
+
∑
ij
∂Ri[σijFj(x, y)Ns −Dij(x, y)∂RjNs] = 0.
(32)
In the most general case, both the friction coefficient η
and the drift tensor are taken as state dependent func-
tion, ~σ = ~σ(x, y), η = η(x, y). If diffusion tensor and
drift tensor are both constant, the explicit formulation
of diffusion equation reads,
∂Ns
∂t
− [Dxy +Dyx]∂Rx∂RyNs
− Dxx∂
2
RxNs −Dyy∂
2
RyNs
+ [σyyFy + σyxFx] ∂RyNs
+ [σxxFx + σxyFy ] ∂RxNs
+ [σyy∂RyFy + σyx∂RyFx] Ns
+ [σxx∂RxFx + σxy∂RxFy] Ns
= 0. (33)
If there is no external field, Fx = 0, Fy = 0, the diffusion
equation becomes
∂Ns
∂t
− [Dxy +Dyx]∂Rx∂RyNs
− Dxx∂
2
RxNs −Dyy∂
2
RyNs = 0. (34)
This equation demonstrated the special character of
many particle system. In the probability conservation
equation of single circling particle, if the external field
is zero, all the special dynamic of circling particle van-
ished, there is no difference between a circling particle
and a non-circling particle in large scale. While for many
circling particle system, even if there is no any external
field, the special diffusing dynamics of circling particle
still exist.
We also get the conservation equation of many circling
particles in polar coordinates system (see Appendix E for
detail calculation),
∂Ns
∂t
−
∂
∂R
[DRθ
1
R
∂
∂θ
Ns +DRR
∂
∂R
Ns]
+
∂
∂R
[σθθNsFθ + σθRNsFR]
−
1
R
∂
∂θ
[DθR
∂
∂R
Ns +Dθθ
1
R
∂
∂θ
Ns]
+
1
R
∂
∂θ
[σRRNsFR + σRθNsFθ]
= 0. (35)
The three dimensional evolution equation of density dis-
tribution is(see Appendix F for detail calculation)
∂Ns
∂t
+
∑
ij
∂
∂Ri
[σijFjNs]−
∑
ij
∂
∂Ri
[Dij
∂
∂Rj
Ns] = 0.
(36)
here the friction coefficient η = η(Rx, Ry, Rz), drift
tensor σij = σ(Rx, Ry, Rz) and diffusion tensor Di =
Di(Rx, Ry, Rz) are all state-dependent. The detail ex-
pression of drifting tensor σij and diffusion tensor Dij
are presented in Appendix F.
8B. Diffusion tensor with fluctuating angular
frequency
There are three independent sources that may lead to
a fluctuating circular trajectory: the fluctuating center,
the fluctuating radius and the fluctuating angular fre-
quency(see Appendix B for details). We study how the
fluctuation of angular frequency modify the diffusion ten-
sor in this section. The diffusion tensor is an algebra
equation of friction coefficient, diffusion coefficient and
angular velocity. If the circling speed along the circle is
not constant, we introduce a fluctuating variable ξω(t)
into the angular velocity, ω = ω0+ ξω(t), where ω0 is the
central angular frequency. We take the average of the
fluctuation within one periodicity, 〈ξω(t)〉 = ξ. The dif-
fusion tensor with an average amplitude of fluctuations
reads
Dxx =
Dxη
m([ω0 + ξ]2 + η2)
,
Dyx =
Dx[ω
0 + ξ]
m([ω0 + ξ]2 + η2)
. (37)
If the fluctuation reduced the angular velocity, both dif-
fusion coefficient Dxx and Dxy will increase(Fig. 5), but
the Dyx will reach climax first(Fig. 5 (b)). If the fluc-
tuation increase the angular velocity, both the diffusion
coefficients Dxx and Dxy will decrease, Dxy decreases
much slower than Dxx. The ratio between Dxx and Dxy
is,
Dxx
Dyx
=
η
ω0 + ξ
. (38)
The increase of frequency will make the off-diagonal dif-
fusion stronger. As the total number of particle is con-
served, the increasing of off-diagonal diffusion will result
in the decreasing of the diagonal diffusion.
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FIG. 5: (a) The diagonal diffusion coefficients (Dxx=Dxy)
under random fluctuation ξ. We have set η/m = 1, ω = 2.
(b) The off-diagonal diffusion coefficients (Dxy=−Dyx) as a
function of random fluctuation ξ. Parameters are given by
η/m = 1, ω = 2.
C. Effective force field induced by velocity gradient
In the microscopic picture, the fast moving particle
has large momentum to push the slow moving particles.
There exist effective force on the boundary between fast
moving particles and slow moving particles. One spe-
cial character of a circling particle is its local circling
velocity in different directions are not independent, i.e.,
(r˙x)
2 + (r˙y)
2 = (r0)
2ω2. The velocity gradient between
different directions are strongly correlated. The velocity
gradient in one direction can induce a effective force in
its perpendicular direction. We define an effective force
field induced by velocity gradient,
~J = −∇V×~ω, (39)
where ~ω = ωez is the normal vector perpendicular to
X − Y plane. ω < 0 means the swimmer is rotating in
clockwise direction. ω > 0 means the circle swimmer
rotates in counterclockwise direction. The derivative of
velocity with respect to time has the dimensionality of
acceleration. According to Newton’s law, the vector field
~J is an effective force field. For the velocity field of cir-
cling particle, the force field is
Jy = ω∂Rx[σxxFx] + ω∂Rx[σxyFy],
+ ω∂Rx[Dxy∂RylnNs] + ω∂Rx[Dxx∂RxlnNs]
Jx = ω∂Ry[σyyFy] + ω∂Ry[σyxFx].
+ ω∂Ry[Dyx∂RxlnNs] + ω∂Ry[Dyy∂Ry lnNs].(40)
If the circling particle switch its circling direction, i.e.,
from clockwise to counterclockwise, or vice verse, any
local vector in the force field switch its direction too.
The switching of circling direction is denoted by flipping
the sign of the angular velocity, ω → −ω, or −ω → ω.
This point is clearly shown in Eq. (40).
The velocity gradient in X-direction will generate ef-
fective force in Y-direction(Fig. 6 (a)). If there are two
groups of particles, and the circling direction in one group
is opposite to the other group. If one mix the two groups
together, and let them diffuse in a rectangular channel.
The particles will split into two separated groups during
diffusion. One group goes to positive Y-direction, the
other goes to negative Y-direction (Fig. 6 (b)).
(a) (b)
FIG. 6: (a) The transverse flow induced by velocity gradi-
ent. (b) Swimmers with opposite circling handedness will
split during diffusion.
9D. Vortex in diffusion phenomena
Vortex is nonlinear collective phenomena of many body
system. For any given vector field, one can use vorticity
to quantify vortex. The vorticity of the circle center’s
velocity field Eq. (28) is
ΓV = ~∇×~V = ∂RxR˙y − ∂RyR˙x. (41)
We first consider a special case that the diffusion tensor
are state-independent, and the diffusion coefficient in X-
direction equals to the diffusion coefficient in Y-direction,
Dx = Dy. The diffusion tensor and drifting tensor satisfy
the relations,
Dxx = Dyy, Dxy = −Dyx,
σxx = σyy, σxy = −σyx. (42)
Substituting Eq. (28) into Eq. (41) give us
ΓV = σxx(∂RxFy − ∂RyFx) + σyx(∂RxFx + ∂RyFy)
+ Dxy(∂Ry∂Ry lnNs + ∂Rx∂RxlnNs). (43)
According to Green-function theory,
∂Ry∂RylnNs + ∂Rx∂RxlnNs = 2πδ(Ns), (44)
we simplify ΓV ,
ΓV = σxx(∂RxFy − ∂RyFx) + σyx(∂RxFx + ∂RyFy)
+ Dxy2πδ(Ns). (45)
When the particles are circling around a common center,
they are pulled away from the center by centrifugal force,
so the density vanishes at the center. More over, the force
field induced by velocity gradient may also have vortex
configuration. We measure this kind of vortex by
ΓJ = ~∇× ~J = ∂RxJy − ∂RyJx, (46)
Both ΓJ and ΓV are determined by the density distri-
bution and external field. One can technically split the
density function into two components, and express the
density function as Ns =
√
N2a +N
2
b . Then every vortex
can be identified by a topological number according to
Duan’s topological current theory[25]. The vortex con-
figuration evolute following the evolution of density dis-
tribution.
IV. NUMERICAL EVOLUTION OF THE
DENSITY DISTRIBUTION FOR MANY
CIRCLING PARTICLES IN TWO DIMENSIONS
The evolution equation of density distribution (32) in
two dimensions is a nonlinear equation. Exact solution
only exist in some special cases. We performed some
numerical computation to study the density distribution,
vortex field and force field. The numerical results are in
good agreement with our theoretical prediction.
A. The evolution of density distribution for
Dx = Dy
We first study a special case of diffusion equation
(32). The diffusion tensor and drifting tensor are state-
independent. The diffusion coefficient in the two di-
rections are chosen as equal, Dx = Dy = D. The off-
diagonal diffusion coefficients and drifting coefficients
are,
σyx = −σxy =
ω
mA2
, Dyx = −Dxy =
Dω
mA2
. (47)
A constant force in X-direction is applied and no external
force exists in Y-direction,
Fx = Cx, Fy = 0. (48)
For a non-circling particle, if Fy = 0, the density center
will not drift in Y-direction. But for circling particles,
even if Fy = 0, the density center still has a drifting
velocity in Y-direction. The diffusion equation (32) for
this special case reads
∂Ns
∂t
= Dxx∂
2
RxNs +Dyy∂
2
RyNs − b ∂RyNs − a ∂RxNs.
(49)
We take the boundary as infinite where the density de-
cays to zero. The analytic solution of density distribution
under this boundary condition is
Ns =
1
4πDrt
exp[−
(Rx − at)
2
4Drt
−
(Ry − bt)
2
4Drt
]. (50)
This solution describes a propagating Gaussian packet.
The drifting speed of the density center in X-direction is
a = σxxFx. The drifting velocity of density center along
Y-direction is b = σyxFx. In mind of the fact that there
is no external driven force in Y-direction, this drifting
velocity along Y-direction is a special character of circling
particles.
We integrated the density along Y-axis to derive the
density evolution along X-axis, Ns(Rx, t) =
∫ h
0
NsdRy,
where h is the width of channel along Y-direction. If
the drifting velocity is much larger than the diffusion co-
efficient, there appears apparent drifting of the density
center(Fig. 7). If the diffusion coefficient is much larger
than the drifting, the density distribution shows a rapid
decay in beginning, then there appears a plateau due to
the drifting of density center (Fig. 8). We also inte-
grated Rx out to keep the Ns as a function of (Ry, t),
Ns(Ry, t) =
∫ h′
0
NsdRx. The evolution of density distri-
bution shows very similar behavior as above. In fact, the
solution equation (50) is symmetric is we exchange the
two variables x and y, and exchange a and b.
The velocity field ~VR = (Vx, Vy) for the analytic den-
sity distribution Eq. (50) demonstrates a typical vortex
configuration(Fig. 9). The vorticity of the density dis-
tribution function Eq. (50) is obtained by substituting
velocity Eq. (28) into the vorticity Eq. (41)
ΓV = Dxy[∂Ry∂RyL(R) + ∂Rx∂RxL(R)], (51)
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FIG. 7: The density evolution of solution equation (50) for
a/Dr = 7. The drifting velocity is larger than diffusion veloc-
ity, so one can observe a moving pump.
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FIG. 8: The density evolution of solution equation (50) for
a/Dr = 1/4. The drifting speed is slower than the diffusion
speed.
where the function L(R) is
L(R) =
[
−
(Rx − at)
2
4Drt
−
(Ry − bt)
2
4Drt
]
−4piDrt
. (52)
The plot of high vorticity region with respect to the vor-
tex configuration of Fig. 9 is a small disc region covered
the center of the vortex.
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FIG. 9: The velocity field ~V = (Vx, Vy) for density solution
(50) at time t = 1. The drifting parameters are a=1, b=1.
Diffusion coefficient Dr = 1.
B. The evolution of density distribution for
Dx 6= Dy
When Dx 6= Dy, the diffusion equation will include a
cross-diffusion term, Dyx∂Rx∂RyNs.This cross-diffusion
term would vanish for zero angular velocity. We first
study the special case of a positive angular frequency,
ω > 0, in this section. The diffusion coefficients and
drifting tensor are state independent. The external force
is constant,
Fx = Cx, Fy = Cy. (53)
The diffusion equation for Dx 6=Dy is,
∂Ns
∂t
= Dxx∂
2
RxNs +Dyy∂
2
RyNs
+ (Dyx +Dxy)∂Rx∂RyNs
− b ∂RyNs − a ∂RxNs. (54)
The drifting velocity of density center is a = σxxCx +
σxyCy, b = σyyCy + σyxCx.
A numerical computation of density distribution is per-
formed in two dimensions. In the beginning, the particles
are confined along a line parallel to Y-axes at Rx = 0.
The initial density is Ns = 10. The diffusion coefficients
are Dxx = 0.9 and Dyy = 1. We choose a large drifting
velocity, b = 5 and a = 15. The off-diagonal diffusion
coefficient is Dyx + Dxy = −1 which corresponds to a
positive angular frequency. One snapshot of the den-
sity evolution at t = 15 is shown in Fig. 11 (a). The
light color demonstrates the high density. The dark color
shows the low density. The center of high density region
shifts to positive Ry-direction(Fig. 11 (a)). Later we
increased the off-diagonal diffusion tensor and drift ten-
sor to Dyx +Dxy = −2, b=10, while keep the diagonal
diffusion tensor as the same as before. A snapshot of
density evolution at t = 15 shows that the drift in Y-
direction speeds up. While the drifting of density center
in X-direction slows down. .
We computed the vortex field of diffusion Eq. (54)
with respect to the density distribution in Fig. 11 (a).
All the parameters have the same value as that of Fig.
11 (a). The vortex configuration appear in the upper
half-plane. A vortex line(Fig. 10 (a)) appears in the
density center. Noticing the direction of those vectors
indicates exactly the direction of particle’s velocity, the
vortex line behaves as a source from which particles are
flowing outward. The numerical computation of vortic-
ity function(Fig. 10 (b)) quantitatively demonstrated the
distribution of vortex. The high vorticity region are the
small inner islands in Fig. 10 (b). Particles are trapped
in the inner island of high vorticity. Further numerical
evolution shows, the small island of high vorticity is ex-
panding as time increases.
Further more, we computed the force field ~J = (Jx, Jy)
from density distribution,
Jy = Dxyω∂Rx∂Ry lnNs +Dxxω∂Rx∂RxlnNs,
Jx = Dyxω∂Ry∂RxlnNs +Dyyω∂Ry∂RylnNs. (55)
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The corresponding force field ~J = (Jx, Jy) with respect
to the density distribution of Fig. 11 (a) is shown in Fig.
11 (c). The direction of force field points to positive X-
direction on the upper boundary. The force field in the
lower half plane points to the upper half-plane. In the
high density region, the force field shows a turbulence
configuration(Fig. 11 (c)).
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FIG. 10: (a) The velocity field ~V = (Vx, Vy) corresponds to
the density distribution of Fig. 11 (a), ω > 0. (b) The velocity
field ~V = (Vx, Vy) for ω < 0. (c) The corresponding vorticity
distribution for the vortex configuration of the left panel. The
light color indicates high vorticity, dark color indicates low
vorticity. This figure is a snapshot at time t = 15 for the
positive angular frequency case, ω > 0. (d) The corresponding
vorticity distribution ΓV of diffusion equation (54) for ω < 0.
If we switch the angular velocity from a positive ω to
a negative ω, both the off-diagonal diffusion tensor and
drift tensor will flip a sign simultaneously, i.e.,
Dyx ⇔ −Dyx, σyx ⇔ −σyx. (56)
The off-diagonal diffusion coefficient of cross diffusion
term will also flip a sign,
(Dyx +Dxy)⇒ −(Dyx +Dxy), b⇒ −b. (57)
The drifting velocity of the density center will switch
to negative Y-direction. The diffusion in X-direction is
invariant. The density distribution at time t = 15 is
shown in Fig. 11 (b) for (Dyx +Dxy) = 1, b=-5, a=15.
The density center moves to the lower half-plane of Y-
direction. The corresponding velocity field(Fig. 10 (a))
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FIG. 11: (a) The density distribution Ns(Rx,Ry) at time
t = 15 for the numerical evolution of diffusion equation (54).
The bright color indicates high density, dark color indicates
low density. The particles concentrate on the line Rx = 0 at
time t = 0. parameters are Dyx + Dxy = −1, ω > 0, b = 5
and a = 15. (b) One snapshot of the numerical evolution of
density distribution of equation (54) at time t = 15, ω < 0.
The bright color indicates high density, dark color indicates
low density. (c) The effective force field ~J = (Jx, Jy) corre-
sponding to the density distribution of Fig. 11 (a), ω > 0. (d)
The transverse force field ~J = (Jx, Jy) for ω < 0 with respect
to the density distribution of Fig. 11 (b). All the parameters
are the same as that for Fig. 11 (b).
with respect to the density distribution of Fig. 11 (b)
suggested that the vortex line also shifted to the lower
half plane. The small inner island of high vorticity dis-
tribution quantitatively illustrated the vortex distribu-
tion(Fig. 10 (d)). We computed the effective force field
~J = (Jx, Jy). Most force vectors point down to the lower
half plane(Fig. 11 (d)) except the turbulent region where
the vectors in different directions are entangled together.
Numerical computation of the evolution equation of
density distribution verified our previous theoretical con-
clusion. When many circling particles are diffusing across
a rectangular channel along X-axis, circles with positive
angular frequency drift to the upper boundary(positive
Y-direction), while circles with negative angular fre-
quency drift to bottom boundary(negative Y-direction).
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FIG. 12: (a) The diffusion of circling particles across a cylin-
drical density gradient. (b) The diffusion phenomena with
two blocking walls situated at θ = 0 and θ = π.
C. The numerical evolution of density distribution
with rotational symmetry
Confining the particle within a small disc region is
more convenient for experimental setup. In that case,
density distribution has rotational symmetry. The mi-
croscopic physics in cylindrical coordinates is the same
as that in Descartes coordinates. We study the special
case of constant drift tensor and diffusion tensor. The
external force in θ-direction is zero. A linearly increasing
force is applied along the radius direction,
Fθ = 0, FR = CR. (58)
The diffusion equation (35) now becomes
∂Ns
∂t
= DRR
∂2Ns
∂R2
+Dθθ
1
R2
∂2Ns
∂θ2
+ [DRθ +DθR]
1
R
∂2Ns
∂θ∂R
−DRθ
1
R2
∂Ns
∂θ
− σRRC
∂Ns
∂θ
− σθRCR
∂Ns
∂R
− σθRCNs. (59)
We first computed the case without any external force,
Fθ = 0, FR = 0. The trajectory of circling particles dur-
ing diffusion is not only along the radius direction, but
also has transversal shifting perpendicular to the radius.
The parameter setting for numerical computation are the
following: The friction parameter is η = 1. The normal-
ization factor mA2 = 1. Angular frequency is ω = 10.
The radial diffusion constant is DR = 1. angular diffu-
sion coefficient Dθ = 0.9. The numerical value of diffu-
sion tensors are DRR = 1,Dθθ = 0.9, DRθ +DθR = −1,
DRθ = 9. The drift tensor are σθθ = σRR = 1,
σRθ = −σθR = 10. In the beginning, the particles con-
centrate on a small ring with radius R = 0.1 from 0 to π.
The initial density within the confined region is 1. The
numerical evolution of the density distribution at time
t = 9 is shown in Fig. 13. The particles concentrating
around θ = π is much more than that around θ = 0.
When we increase the external field along the radius,
this bias concentration phenomena will be suppressed.
We numerically computed the density distribution for
Fθ = 0, FR = R/8, all the other parameters have the
same value as that for C = 0. The amplitude of the
density center near π is shrinking(Fig. 14 (a)). For
Fθ = 0, FR = 2R, the density distributed in the block
zone (0, π) becomes almost homogeneous(Fig. 14 (b)).
Thus if the external force along radius is too strong, an
apparent bias density distribution is hardly observable
because of the dominant strong flow along radius, the
transverse flow in θ-direction is ignorable.
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FIG. 13: The density distribution in R−θ plane at time t = 9
for Fθ = 0, FR = 0, i.e., there is no external force.
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FIG. 14: (a) The density distribution in R − θ plane at time
t = 9. The slop of the external force is C = 1/8.(b) The
density distribution in R− θ plane at time t = 9. The slop of
the external force is C = 2..
We propose an experiment to illustrate the transverse
flow of circling particles diffusing in a disk region. First,
we confine many circling particles in a very small disk
zone. Second, we place two blocking wall along the ra-
dius, one is along θ = 0, the other is along θ = π. Finally
we withdraw the confining potential around the small
disk to let them diffuse.
If there is no blocking walls, the density distribution
expands circles around the origin. The transverse flow
~Vθ perpendicular to the radius can not be observed from
density distribution, for the particle flow has the same ro-
tational symmetry as density distribution. The blocking
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wall break the radial symmetry by cutting the transverse
flow into two separated parts. Since the flow has only one
direction, the particles will concentrate only on one side
of wall. Only a few particles appear on the other side of
the same wall. Fig. 12 (b) showed the accumulation phe-
nomena for particle circling in clockwise direction. If the
particle is circling in the counterclockwise direction, the
particle will accumulate in the opposite side of the wall. If
there exist two kinds of particles, one is circling in clock-
wise direction, the other is circling in counter clock wise
direction. The particle circling in clockwise direction will
accumulate in the region θ = (−α, 0) and θ = (π−α, π),
α > 0. The particle circling in counterclockwise direc-
tion will accumulate on the opposite side of the wall, i.e.,
θ = (0, β) and θ = (π, π+β), β > 0. This provides us one
way to divide particles with opposite circling direction.
V. THEORETICAL UNDERSTANDING ON
THE DIFFUSION EXPERIMENT OF MANY
SPERMS
We first introduce some background knowledge of
sperm for understanding the many sperm diffusion
experiment[24]. The average size of an ordinary sperm
head is about 5 µm. Its flagellum has a length of 30-60
µm. In three dimensions, the trajectory of a swimming
sperm is a helical curve. If there is no external stimulus,
the center-line of the helical curve is almost straight[20].
When chemoattractant spreads into the solution, the
sperm will reorient its swimming direction under stimu-
lus, and. It is believed that the sperm will bent their cir-
cling direction to the source of chemoattractant[19][20].
A sperm swims in circles near a boundary. The chem-
ical stimulus of chemoattractant acts as some effective
attractive action on sperms which change the velocity of
sperm and drive sperm to eggs[7][8].
In the many sperm diffusion experiment[24], the
sperms are kept in a sperm reservoir in the beginning.
The sperm reservoir is placed at one end of a rectangu-
lar migration channel. On the other end of the rect-
angular migration channel is a chemoattractant reser-
voir. The sperm used in experiment[24] is Arbacia punc-
tulata spermatozoa. The image of density distribution
in experiment[24] shows that sperm liken to concen-
trate on upper boundary of the channel(Fig.1), and the
sperm density concentration illustrated a plateau along
the length of channel. The position of the plateau is near
the reservoir of sperm(around x2 in Fig. 1)[24].
The rectangular migration channel in experiment[24]
has a length of 7000-9000 µm, its width is 500 µm, and
the height of the channel is 100 µm. This channel is a
three dimensional channel, but for many sperms, it is well
approximated by a two dimensional channel. The radius
of the sperm circle is fluctuating around 30 µm[5][6][7][8].
So one sperm need at least a small square of 60×60 µm2
to swim. The height of channel is 100 µm which only al-
lows one sperm circle to rotate freely in three dimensions.
FIG. 15: A cross section of the migration channel of
experiment[24]. The length along X-axes is 7000-9000 µm.
The width in Y -axes is 500 µm, and the height in Z-axes is
100 µm. The radius of the sperm circle is 30 µm.
The angular velocity of one sperm can rotate from ωz to
ωx or to ωy. But when we consider two sperms, one is on
top of another along Z-direction. The height of the chan-
nel must be at least 120 µm so that the two sperms can
simultaneously rotate their angular velocity without any
conflicting. For a channel with a height 100 µm, the free-
dom of angular velocity will be greatly limited for many
sperms. Following the same analyze, three sperms on top
of one another along Z-direction needs at least a channel
with height 180 µm rotates simultaneously without any
conflicting.
The sperm experiment[24] study the diffusion of mil-
lions of sperms. The sperms in the top surface of the
channel will swim in circles. The thickness of the top
layer is about 5 µm which is the size of one sperm head.
The top layer behaves as the boundary for the sperms
below, the sperms in the second layer will also swim in
circles, and so does the third layer, and so on. Many
sperm system of high density can be approximated by
a two dimensional system. The best way of creating a
good two dimensional many sperm system is to reduce
the height of the rectangular channel in experiment[24]
from 100 µm to 5 ∼ 10 µm. In that case, the angular
velocity in X and Y direction, ωx, ωy, will be greatly sup-
pressed. The dominant component of angular velocity is
ωz. The height of channel is only free enough to hold
one layer of sperms, thus it is effectively two dimensional
system.
We apply the two dimensional evolution equation of
density distribution as an approximation of the many
sperm diffusion experiment[24]. There is a chemo-
reservior attached on the other end of the channel, we
assume the chemoattrative force distribution is
Fx = C Rx, Fy = 0. (60)
This distribution means a sperm feels stronger chemoat-
tractive force if it is closer to the chemoattractant. Biol-
ogist found that almost all sperms are circling with same
handedness[5]. So we choose angular velocity ωz > 0.
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FIG. 16: (a)The density distribution Ns(Rx, Ry, t = 15) of
diffusion Eq. (61) for C = 2. The light color indicates high
density, dark color indicates low density. (b) The density
distribution of Ns(Rx, t = 15) =
∫ h
0
NsdRy for diffusion Eq.
(61) at C = 2.
The diffusion equation for this external driven force is
∂Ns
∂t
= Dxx∂
2
RxNs +Dyy∂
2
RyNs
+ (Dyx +Dxy)∂Rx∂RyNs
− C σyx Rx ∂RyNs − C σxx Rx ∂RxNs
− C σxxNs. (61)
We take the diagonal diffusion coefficient as Dxx =
0.9, Dyy = 1. The off-diagonal diffusion coefficient is
Dyx +Dxy = −1. The off-diagonal drifting tensor is
σyx = 5. The diagonal drifting tensor is σxx = 2. The
slop of the external force is controlled by C. If we change
C, three terms in Eq. 61 will change simultaneously. We
first study the case of C = 2. The numerical evolution of
density distribution at time t = 15 is shown in Fig. 16
(a)). The density center shift to positive Y-direction. We
integrate the density along Y-axis Ns(x, t) =
∫ h
0
Nsdy,
and plot the density evolution Ns(x, t) along X-direction
(Fig. 16 (b)). The center of the density distribution is
around Rx = 2. The diffusion curve along RX is not
exponential decay. The density center propagate as a
pump.
The vortex generated during diffusion will reduce the
speed of diffusion in X-direction. The vortex core will
attract many particles to flow around the core. The ve-
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FIG. 17: (a) The velocity field distribution ~V = (Vx, Vy) cor-
responding to the density distribution Fig. 16. The slop of
the external force is C = 2. . (b) The effective force field
~J = (Jx, Jy) at time t = 15 corresponding to the density
distribution Fig. 16. The slop of the external force is C = 2.
locity of particle is given by
R˙x = −Dxy
∂RyNs
Ns
−Dxx
∂RxNs
Ns
+ σxxC Rx,
R˙y = −Dyx
∂RxNs
Ns
−Dyy
∂RyNs
Ns
+ σyxC Rx. (62)
We computed the velocity field distribution at time t =
15 in Rx − Ry plane, a vortex line appears in the high
density region(Fig. 17 (a)). Particles are flowing out of
these vortex lines.
We also computed the corresponding force field ~J in-
duced by velocity gradient,
Jy = Dxyω∂Rx∂RylnNs +Dxxω∂Rx∂RxlnNs
+ ωσxxC
Jx = Dyxω∂Ry∂RxlnNs +Dyyω∂Ry∂Ry lnNs. (63)
The strong flow of ~J is distributed in the high density
region, most vectors points to positive Ry direction(Fig.
17 (b)). On the upper boundary, all flows point to posi-
tive Rx direction. Experiment observed that sperms on
the upper boundary swim faster than others. The force
field on the upper boundary is stronger than other re-
gion. This provides a possible understanding to the fast
sperms on the upper boundary.
The experiment [24] measured the density distribution
from one snapshot of diffusion movie. The experiment
date of Ref. [24] is collected from the diffusion image
along the length of the migration channel. A point on
the curve represents the average density of sperms in each
small rectangular box along Y-axis(the gray box in Fig.
1). Ref. [24] fitted the data by one dimensional dif-
fusion equation. However there is apparent discrepancy
between experiment data and the theoretical curve of one
dimensional theory. They measured the diffusion of Ar-
bacia punctulata spermatozoa in different solutions. In
all of these measurements, the experiment data near high
15
density region deviates apparently from exponential de-
cay around x = 2 in Fig. 1. I believe these discrepancy
is not accident or erroneously fluctuating from experi-
mental environment. I performed numerical evolution of
the two dimensional diffusion equation. The maximal
peak of density distribution around x = 2 is propagating
along the channel. I compared the density distribution
for different slope of external force after the same time
interval, C = 2(Fig. 16 (b)) and C = 1/2(Fig. 18 (b)).
The density center of C = 2 travels faster than that of
C = 1/2.
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FIG. 18: (a)The density distribution Ns(Rx, Ry, t = 15) of
diffusion Eq. (61) for C = 1/2. The light color indicates high
density, dark color indicates low density. (b) The density
curve of Ns(Rx, t = 15) =
∫ h
0
NsdRy for C = 1/2.
The same data of density distribution in Ref.[24] also
demonstrated a static peak siting right at the origin
Rx = 0. This highest density peak at the origin preserves
in different experiment data of one dimensional density
distribution. I guess the appearance of this high density
peak is due to experiment devices. The sperm reservoir
is right at the origin. Biological observation suggest that
sperms like to stay near a boundary. If the sperms are
attached by the wall of the channel in the beginning, they
would not move too much in the whole period of diffu-
sion. The peak at the origin probably has no dynamic
effect. The data in Ref. [24] is obtained from only one
snapshot of the whole diffusion movie. We do not have
enough data to draw a definite conclusion.
VI. CONCLUSION
Alive circle swimmers, such as bacterium and sperms,
are macroscopic objects comparing with the scale of wa-
ter molecules. Usually the interaction between the beat-
ing flagella of the swimmer and the thick fluidics environ-
ment provide the driving-force for swimming. The beat-
ing modes of flagella may depend on internal state of the
swimmer. One can construct a biophysical model of alive
circle swimmer by coupling Newton’s law of motion and
the internal state equation of the biological or chemical
process inside the swimmer. In this article, we only focus
on the general physics of Newtonian equation of motion
for circling particles. The force in Newtonian equation
is a general function which can be interpreted as state-
dependent force. How to control this state-dependent
force is an independent issue of biology or chemistry.
We take abstract point particles as analogy of those
tiny microorganism. The ideal point particle are cir-
cling around a drifting center. The circling speed is much
larger than the drifting speed of the circle center. The
point particle is moving in an environment with high fric-
tional resistant force. The local circling motion is fast
enough to counterbalance the frictional force. Local cir-
cling motion is not overdamped. The drifting motion
of the center is overdamped for the slowly drifting cen-
ter is too weak to cancel the frictional force. We first
established the dynamic equations of a single circling
particle and the corresponding probability conservation
equation, and then developed the evolution equation of
density distribution of many circling particles from the
particle number conservation law.
Comparing with non-circling particle, the most special
character of circling particle is that its velocity in one
directions is strongly coupled to the velocity component
in other direction. This strong correlation comes from
the geometric constrain of a closed circular trajectory.
In fact, this geometric constrain is a special case of topo-
logical constrain. As long as the local trajectory of a
moving particle is exactly closed, the strong correlation
between different velocity components will exist. The
trajectory could be a deformed circle or ellipse, or other
closed curve which is homomorphic to a circle. We can
define a mathematical centripetal force from an arbitrary
mathematical trajectory.
We first established the equation of motion for a single
circling particle from Newton’s law of motion. A non-zero
external force in one direction will drive the circle center
moving to the direction perpendicular to this direction.
This theoretical result can help us to understand a recent
numerical simulation of the motion a single sperm under
complex chemical stimulus[19]. If the external force does
not exist, the circle center of single circling particle will
just randomly drift around in a thermal environment.
There exist intrinsic difference between the diffusion
of many circling particles and the diffusion of probabil-
ity distribution of single circling particle. Density gra-
dient only exist for many particle system. It is due to
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the density gradient that one circling particle can feel
the existence of other circling particles. A single circling
particle must have long memory to have similar physics
even though it is not exactly the same physics. We estab-
lished the evolution equation of density distribution for
many circling particles from Newton’s law of motion by
imposing a conservation equation of total particle num-
ber. When there is no any external force, the particles
flowing along one direction of the density gradient can
induce a flow perpendicular to this direction. This phe-
nomena does not occur during the evolution of probabil-
ity distribution of single circling particle without external
force.
Recently a diffusion experiment of many circling
sperms had been conducted in a rectangular channel[24].
We performed numerical evolution of the density distri-
bution in a rectangular diffusion channel to meet the ex-
perimental setup. When we confine the particles to one
end of the channel and then release them to diffuse along
the channel, the particles circling in clockwise direction
concentrates on one side of channel, particles circling in
counterclockwise direction concentrates on the other side
of channel. One of the experiment observations[24] in-
deed showed apparent bias density concentration which
supports our theoretical prediction. The density distribu-
tion of other images in experiment Ref. [24] is not obvi-
ous. According to our numerical computation of density
distribution for different external forces, if the external
force is too strong, the phenomena of bias density distri-
bution will be suppressed. The qualitative image of cam-
era is not accurate enough to capture the fine structure
of density distribution. We computed the quantitative
density distribution along the channel. The numerical
evolution of the density distribution looks very similar
to the density curve of experiment data. Therefore one
possible theoretical explanation for those images without
obvious bias density concentration is that the effective
attractive force of chemoattractant is too strong.
The sperm experiment in Ref. [24] also observed that
sperms swim faster on the boundary. We computed the
velocity vector field and the force field. Most vectors in
the force field point to the boundary. The strongest force
field distribute right along the boundary. This probably
can help us understand why sperms on the boundary
swim faster. More over, vortex are also generated during
diffusion. Numerical computation shows, the high vortic-
ity region is near the boundary. The trapping of particles
in the vortex will increase the local density which in turn
increase the density gradient force. Vortex maybe is an-
other reason of faster sperms on the boundary.
So far, my theory agrees with most experimental ob-
servations. Further more, we predict one phenomena:
if one mix the circling particles with opposite circling
handedness together, and let them diffuse across a rect-
angular channel in X-direction. They will split into two
groups, one goes to positive Y-direction, the other goes
to negative Y-direction. The particles in each group have
opposite circling handedness to the other group.
The collective phenomena of many circling microor-
ganism is far more complicate than classical physics par-
ticle. Besides various different biological and chemical
factors, the physics of many circling particles within vis-
cous liquid is not well studied so far. One may develop
other theoretical approaches by taking into account of
more detail biological parameters. For example, the spe-
cial shape of the circling particle maybe important for
swimming in liquid with low Reynolds number. The
sperm head has a shape of rod. The beating head of
a boundary swimmer may hit the wall before its beat-
ing amplitude reach maximal point. As a swimmer liken
to slide along the lengthy direction of the head, the cut
off of beating amplitude in Y-direction by the wall will
enhanced its motion in RX−direction. If a rod is sur-
rounded by many rods, one may include the collisions
between different particles. Some well known equations,
such as Boltzmann equation, Fokker-Planck equation, or
fluid dynamics[22], or plasma physics[26], may also shed
new light on the physics of circling particles. They are
more or less related, for example, Fokker-Planck equa-
tion is linear approximation of Boltzmann equation[27].
Living microorganism seldom collide with each other by
obeying local momentum conservation law exactly. They
are able to avoid each other. The dynamic equation of
a velocity-dependent distribution function for living mi-
croorganism is beyond the scope of Boltzmann equation.
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Appendix A: The velocity and acceleration of a
helical trajectory in two dimensions
The author did not find such a calculation in textbooks
or references that follows similar logic chain as I did here.
So I add the detail calculation in this section to show
centripetal force is a mathematical conception that can
be deduced from an arbitrary helical curve.
If the center of the circle is not fixed and drifts around
at low speed, the trajectory of a circling particle is a he-
lical curve, it can be described by drifting circles. We
introduce vector, ~R(t) = Rx(t)ex + Ry(t)ey, to express
the instantaneous center of the circle. The relative posi-
tion of the particle with respect to the center is denoted
as r(t) = rx(t)ex + ry(t)ey = r0(t)e
iωt, r0(t) is the rela-
tive distance between a particle and the center of circle.
The complete position coordinates of the circle swimmer
is
x(t)ex + y(t)ey = ~R(t) + ~r(t) = ~q(t), (A1)
x(t) = Rx(t) + rx(t), rx(t) = r0(t) cos(ωt),
y(t) = Ry(t) + ry(t), ry(t) = r0(t) sin(ωt). (A2)
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This coordinates provide us a convenient mathematical
description for an arbitrary helical curve in two dimen-
sional space. The shape of the curve depends on the func-
tion of center coordinates R(t) = Rx(t) + iRy(t) and the
function of radius r0(t). For example, if the center accel-
erates in X-direction with a constant acceleration a, and
accelerates in Y-direction with acceleration b, the center
coordinates functions are Rx(t) =
1
2
a t2, Ry(t) =
1
2
b t2.
In the mean time, if we assume the radius of the circle
is fluctuating periodically, r0(t) = r0 + cos(kt)/100, the
equation for a drifting helical curve is
x(t) =
1
2
a t2 +
[
r0 +
cos(kt)
100
]
cosωt,
y(t) =
1
2
b t2 +
[
r0 +
cos(kt)
100
)
]
sinωt. (A3)
From physics point of view, the tangent vector of the
curve is the velocity of a particle which move along the
curve. The acceleration can be expressed as the curvature
of the curve. The time parameter t can be viewed as an
arc length parameter of the curve. The first derivative of
curve q(t) with respect to t give us the velocity,
x˙ = R˙x(t)− v0(t) sin(ωt) + r˙0(t) cos(ωt),
y˙ = R˙y(t) + v0(t) cos(ωt) + r˙0(t) sin(ωt). (A4)
R˙x(t) and R˙y(t) are the drifting velocity of the cen-
ter. v0(t) = r0(t)ω is the speed of circling motion
around the center. The mathematical definition of cir-
cle swimmer requires that the circling speed of swimmer
is much larger than the speed of its drifting circle cen-
ter, i.e., v0(t) ≫ R˙α(t), α = x, y. For the opposite case,
v0(t)≪ R˙α(t), the trajectory of the particle is no longer
drifting circles, and becomes an arbitrary curve. In that
case, one can choose differential geometry to construct an
equivalent theoretical description. The second derivative
of q(t) with respect to t reads
x¨ = R¨x(t)− y˙ω + ωR˙y(t) + r¨0(t) cos(ωt)
− r˙0(t)ω sin(ωt),
y¨ = R¨y(t) + x˙ω − ωR˙x(t) + r¨0(t) sin(ωt)
+ r˙0(t)ω cos(ωt). (A5)
The acceleration has two parts: the acceleration of the
center, the acceleration of circling motion around the cen-
ter,
x¨ = [R¨x(t) + r¨0(t) cos(ωt)]
− [y˙ω − ωR˙y(t) + r˙0(t)ω sin(ωt)],
y¨ = [R¨y(t) + r¨0(t) sin(ωt)]
+ [x˙ω − ωR˙x(t) + r˙0(t)ω cos(ωt)]. (A6)
We summarize the position of the particle as one vector
x(t)ex + y(t)ey = ~R(t) + ~r(t) = ~q(t), (A7)
Then the acceleration has more compact formulation,
~¨q(t) = ~a− ~V × ~ω, ~ω = ωez, (A8)
where ~a is the absolute acceleration of the circle center,
ax = [R¨x(t) + r¨0(t) cos(ωt)],
ay = [R¨y(t) + r¨0(t) sin(ωt)]. (A9)
~V is the relative velocity with respect to the center,
Vx = [x˙− R˙x(t) + r˙0(t) cos(ωt)].
Vy = [y˙ − R˙y(t) + r˙0(t) sin(ωt)]. (A10)
So far, the acceleration and velocity mentioned above
are completely mathematical conception defined along a
trajectory curve. One can rewrite everything above in
terms of differential geometry. It is only when we apply
Newton’s law, F = m~¨q(t), the geometric quantity above
is related to physical force, i.e.,
~F = m~¨q(t) = m~a−m~V × ~ω, (A11)
where the first term Fexternal = m~a, and the second term
is Fcentripetal = −m~V × ~ω. The non-zero angular fre-
quency ω summarized the effective centripetal force for
the circling motion. Eq. (A10) tells us the centripetal
force m~V × ~ω is consumed by three motions. One is cir-
cling motion around the center. The second consumer is
the motion of the center. The third consumer is the ex-
panding or shrinking of the radius. The other external ef-
fective driven force Fexternal determines the acceleration
of the circle center m~a. The angular frequency ω may
have different physical origin in different system. For an
electron moving in magnetic field, the non-zero ω means
the existence of magnetic field. For a self-propelled parti-
cle, such as bacteria or sperm, the non-zero ω represents
the effective centripetal force generated by the interac-
tion between beating flagella and environment.
Appendix B: Three independent random
fluctuations upon deterministic circular trajectory
We introduce three independent variables to describe
a moving circle. ~R(t) = Rx(t)ex+Ry(t)ey represents the
instantaneous center of the circle. The relative position
of the particle with respect to the center is denoted as
~r(t) = rx(t)ex + ry(t)ey. r0(t) is the relative distance
between a particle and the center of circle. Usually r0(t)
is decomposed as a constant part r0 = const and a small
random fluctuating part ξrx(t), i.e., r0(t) = r0 + ξ
r(t).
ω is the angular frequency that measures how fast the
particle rotates around the center. The position of a
circling particle is denoted as
~R(t) + ~r(t) = x(t)ex + y(t)ey = ~q(t), (B1)
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x(t) = Rx(t) + rx(t), rx(t) = r0(t) cos(ωt),
y(t) = Ry(t) + ry(t), ry(t) = r0(t) sin(ωt). (B2)
When the circle center is drifting at much lower speed
than the circling speed, the trajectory of the particle is
a helical curve. In a thermal fluctuating environment,
the frequent collision between the particle and other ob-
jects would push the particle away from the circular path,
but the dominant deterministic force would draw it back.
The stochastic deviations may be descried by a random
noise force.
The random noise force has three independent sources.
One is from external force which drive the circle center.
The second comes from the tangent force which controls
the rotating frequency. The third is the fluctuating cen-
tripetal force, it makes the radii become longer or shorter.
A stochastic trajectory itself can not tell which source re-
sults in the ultimate trajectory. Therefore we need three
independent stochastic variables.
The first random variable ξω(t) is added to the deter-
ministic angular frequency ω,
x(t) = Rx(t) + r0(t) cos([ω(t) + ξ
ω(t)]t),
y(t) = Ry(t) + r0(t) sin([ω(t) + ξ
ω(t)]t). (B3)
The second random variable ξr(t) describes the stochas-
tic fluctuation of the radii of circle, i.e.,
x(t) = Rx(t) + [r0(t) + ξ
r(t)] cos(ωt),
y(t) = Ry(t) + [r0(t) + ξ
r(t)] sin(ωt).
ξr(t)≪ r0(t). (B4)
The amplitude of stochastic fluctuation ξr(t) should be
much smaller than the radii of the circle so that people
are able to observe a fluctuating circle trajectory. If the
fluctuating amplitude is much larger than the radii of the
circle, one would just see some random trajectory instead
of circular trajectory.
The third random fluctuation on the circle center also
give us a stochastic trajectory, we add the random vari-
able ~ξR = ξRx (t) + ξ
R
y (t) on the circle center,
x(t) = [Rx(t) + ξ
R
x (t)] + r0(t) cos(ωt),
y(t) = [Ry(t) + ξ
R
y (t)] + r0(t) sin(ωt). (B5)
The three random fluctuations plays different role in
different system. For example, for a charged heavy par-
ticle, the effective driven potential is magnetic field. An-
gular frequency is given by ω = eB/mc. The charge e
and mass m is fixed, c is the speed of light which is also
a constant. Magnetic field B becomes the only source
of fluctuation. If one can fix magnetic field, we eliminate
the fluctuation of angular frequency. The radii of the cir-
cle is also controlled by the value of magnetic field, so the
fluctuation of the radii also vanished. Finally we know
the stochastic trajectory is induced by the fluctuation of
the circle center. The center of the charged particle is
very hard to control in many body system.
For bacteria or sperm, the sources of force is versa-
tile. Neither angular frequency, nor radii of the circle is
controllable. The general way of modeling such random
circling dynamics is to take into account of all the three
types of fluctuation. We input the amplitude of different
fluctuation from experimental observation. For instance,
if the circling path is very smooth, the fluctuation of radii
of the circle should be very small. If the circling velocity
along the circle is almost constant, the fluctuation of an-
gular velocity is ignorable. If the center of circle is almost
static, one can ignore the fluctuation of the circle center.
Appendix C: The calculation of probability
conservation equation of single circling particle in
cylindrical coordinates
If the system has rotational symmetry, it is more con-
venient to use the diffusion equation expressed in polar
coordinates system. For example, if one places a charge
at the origin point, all the electric field vectors point out
of the origin. The field has the same strength on every
circle centered at the origin. Newton’s equation for the
circle center in polar coordinates has the same formula-
tion as that in Cartesian coordinates,
m
∂~V
∂t
= −m~V × ~ω + ~F −mη~V . (C1)
The velocity ~V = (VR, Vθ) is expressed by polar coordi-
nates,
VR = R˙, Vθ = R θ˙, VR ⊥ Vθ. (C2)
For the overdamped case, we set inertial term as zero,
i.e., V˙θ = 0 and V˙R = 0. Combining this constrain into
the pair of equation of motion,
mV˙θ = −mωVR −mηVθ + Fθ,
mV˙R = mωVθ −mηVR + FR,
we get the velocity solutions
R θ˙ = +σθθFθ + σθRFR,
R˙ = +σRRFR + σRθFθ. (C3)
Here the drifting tensor σ are
σθθ =
η
mA2
, σθR = −
ω
mA2
,
σRR =
η
mA2
, σRθ =
ω
mA2
, (C4)
where A2 = η2+ω2 is a normalization factor. If the circle
center is situated at (R, θ), the instantaneous position of
the particle in polar coordinates is given by
Rc = R+ r0 cos(ωt− θ),
θc = θ + arctan
[
r0 sin(ωt− θ)
R+ r0 cos(ωt− θ)
]
. (C5)
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The position of the circle center is governed by Eq. (C3).
It is the circle center that determines the position of par-
ticle in larger scale. If we study the diffusion of the circle
center, the local circular motion may be put aside. In
analogy with the diffusion in Cartesian coordinates, the
probability distribution function must satisfy the conser-
vation equation,
∂ψ
∂t
+
∂
∂R
(ψVR) +
1
R
∂
∂θ
(ψVθ) = 0. (C6)
For the velocity solution equation (C3), the diffusion
equation in polar coordinates reads,
∂ψ
∂t
+
∂
∂R
[σθθψFθ + σθRψFR]
+
1
R
∂
∂θ
[σRRψFR + σRθψFθ]
= 0. (C7)
We consider a special case, the drift tensor and diffusion
tensor are constant, The external driven force has radial
symmetry,
Fθ = 0, FR = CR. (C8)
The diffusion equation is,
∂ψ
∂t
+ σRRC
∂ψ
∂θ
+ σθRCR
∂ψ
∂R
+ σθRCψ = 0. (C9)
Even if there is no external force in θ-direction, Fθ = 0,
the external field in the radial direction FR can induce a
diffusive flow in θ-direction.
Appendix D: The calculation of probability
conservation equation of single circling particle in
three dimensions
Circling particle in three dimensions produces helical
curve. The angular velocity of a circling particle has
three components,
~ω(t) = ωx(t)ex + ωy(t)ey + ωz(t)ez,
ω2(t) = ω2x(t) + ω
2
y(t) + ω
2
z(t). (D1)
When the circle center is placed at the origin, the instan-
taneous position of the particle can be expressed by the
angular velocity vector ~ω(t),
rz(t) =
r0
ω2
[ωzωx − ωxωz cos(ωt)− ωyω sin(ωt)],
ry(t) =
r0
ω2
[ωyωx − ωxωy cos(ωt) + ωzω sin(ωt)],
rx(t) =
r0
ω2
[ωxωx + (ω
2
y + ω
2
z) cos(ωt)]. (D2)
We place the circle center on an arbitrary curve ~R(t).
This curve is the trajectory of the center of a circle. We
keep the angular velocity vector ~ω(t) parallel to the tan-
gent vector of the ~R(t). The three dimensional Newton’s
equation of motion has the same form as the two dimen-
sional equation,
m
∂~VR
∂t
= −m~VR × ~ω + ~F −mη~VR. (D3)
Here every vector has three components. This vector
equation is composed of three coupled equations,
mR¨x = −m(R˙yωz − R˙zωy)−mηR˙x + Fx,
mR¨y = −m(R˙zωx − R˙xωz)−mηR˙y + Fy,
mR¨z = −m(R˙xωy − R˙yωx)−mηR˙z + Fz . (D4)
The velocity of the circle center in the overdamped case
is the solution of Eq. (D4) by imposing the constrains,
R¨x = 0, R¨y = 0, R¨z = 0,
R˙x = σxxFx + σxyFy + σxzFz,
R˙y = σyxFx + σyyFy + σyzFz,
R˙z = σzxFx + σzyFy + σzzFz , (D5)
were the drift tensor are
σxx =
1
C2
0
(η2 +mω2x), σxy =
1
C2
0
(−ηωz + ωxωy),
σxz =
1
C2
0
(ηωy + ωxωz), σyx =
1
C2
0
(ηωz + ωxωy),
σyy =
1
C2
0
(η2 + ω2y), σyz =
1
C2
0
(−ηωx + ωyωz),
σzx =
1
C2
0
(−ηωy + ωxωz), σzy =
1
C2
0
(ηωx + ωyωz),
σzz =
1
C2
0
(η2 + ω2z), (D6)
where C20 = mη(η
2 + mω2x + mω
2
y + mω
2
z) is the nor-
malization factor. The drifting tensor σ is the sum of
a symmetric matrix σ1 and antisymmetric matrix σ2,
σ = σ1 + σ2,
σ1 =
1
C2
0

 η
2 +mω2x ωxωy ωxωz
ωyωx η
2 +mω2y ωyωz
ωzωx ωzωy η
2 +mω2z

 ,
σ2 =
1
C2
0

 0 −ηωz ηωyηωz 0 −ηωx
−ηωy ηωx 0

 .
The equation of motion (D5) governs the position of the
circle center. The instantaneous position of the parti-
cle around center is determined by (D2). The complete
position equation of the circling particle is
x(t) = Rx + rx(t),
y(t) = Ry + ry(t),
z(t) = Rz + rz(t). (D7)
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This equation describes a helical curve. The three di-
mensions diffusion equation for a single circling particle
is
∂tψ +∇R · (ψ~VR) = 0, (D8)
where ~VR = (R˙x, R˙y, R˙z) is given by Eq. (D5).
If the friction coefficient η, drift tensor σij are con-
stants, the explicit expansion of the diffusion equation
is
∂ψ
∂t
+ [σxxFx + σxyFy + σxzFz] ∂Rxψ
+ [σyxFx + σyyFy + σyzFz ] ∂Ryψ
+ [σzxFx + σzyFy + σzzFz ] ∂Rzψ
+ [σxx∂RxFx + σxy∂RxFy + σxz∂RxFz ] ψ
+ [σyx∂RyFx + σyy∂RyFy + σyz∂RyFz] ψ
+ [σzx∂RzFx + σzy∂RzFy + σzz∂RzFz] ψ
= 0. (D9)
The components of the drifting tensor are not indepen-
dent. As long as the angular velocity is not zero, the
external force in X-direction Fx will induce the motion
in Y− and Z−direction, so does the other force compo-
nent, Fy and Fz . This is the special dynamics of circling
particles.
Appendix E: The derivation of density evolution
equation of many circling particles with cylindrical
density gradient
If the particles are confined in a small disk around
the origin point in the beginning, the density gradient
generated during diffusion has SO(2) rotational symme-
try. We choose polar coordinates to express the diffusion
equation. Newton’s equation of motion is
mNs
∂~V
∂t
= −mNs~V ×~ω+Ns ~F−D∇Ns−mNsη~V . (E1)
The explicit formulation of this vector equation reads,
mV˙θ = −mωVR −
Dθ
R
∂θNs
Ns
−mηVθ + Fθ,
mV˙R = mωVθ −DR
∂RNs
Ns
−mηVR + FR,
Dθ is the diffusion coefficient tangent to the circle. DR
is the diffusion coefficient along the radius. In the over-
damped case, mV˙θ = 0 and mV˙R = 0. We solve the
equations above to get explicit representation of velocity,
R θ˙ = −DθR
∂RNs
Ns
−Dθθ
1
R
∂θNs
Ns
+ σθθFθ + σθRFR,
R˙ = −DRθ
1
R
∂θNs
Ns
−DRR
∂RNs
Ns
+ σRRFR + σRθFθ.
(E2)
Here the diffusion tensor D and drifting tensor σ are
Dθθ =
Dθη
mA2
, DθR = −
DRω
mA2
,
DRR =
DRη
mA2
, DRθ =
Dθω
mA2
,
σθθ =
η
mA2
, σθR = −
ω
mA2
,
σRR =
η
mA2
, σRθ =
ω
mA2
, (E3)
where A2 = η2+ω2 is a normalization factor. The trans-
verse flow induced by velocity gradient is given by
JR =
ω
R
∂θVR = −
ω
R
∂θ(DRθ
1
R
∂θNs
Ns
+DRR
∂RNs
Ns
)
+
ω
R
∂θ(σRRFR + σRθFθ),
Jθ = −ω∂RVθ = ω∂R(DθR
∂RNs
Ns
+Dθθ
1
R
∂θNs
Ns
)
− ω∂R(σRRFR + σRθFθ). (E4)
The derivative of velocity is acceleration. The flow field ~J
is actually the off-diagonal acceleration. Substituting the
velocity equation (E2) into the conservation equation,
∂Ns
∂t
+
∂
∂R
(NsVR) +
1
R
∂
∂θ
(NsVθ) = 0, (E5)
we get the diffusion equation in polar coordinates,
∂Ns
∂t
−
∂
∂R
[DRθ
1
R
∂
∂θ
Ns +DRR
∂
∂R
Ns]
+
∂
∂R
[σθθNsFθ + σθRNsFR]
−
1
R
∂
∂θ
[DθR
∂
∂R
Ns +Dθθ
1
R
∂
∂θ
Ns]
+
1
R
∂
∂θ
[σRRNsFR + σRθNsFθ]
= 0. (E6)
Appendix F: The derivation of three dimensional
density evolution equation of many circling particles
Circling particles moving in three dimensional space
draws a helical trajectory. A classical electron or ion
moving in three dimensions follows a helical trajectory.
The center line of the helical path is magnetic field line.
We will study a box of circling particles in three dimen-
sions(Fig. 19). Following the same process of modeling
the diffusion phenomena in two dimensions, we took the
unit scale as the radius of the circle. The Newtonian
equation of motion a unit box of Ns particles reads
mNs
∂~V
∂t
= −mNs~V ×~ω+Ns ~F−D∇Ns−mNsη~V . (F1)
Here every vector has three components. The equation
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FIG. 19: (a) The circling particles swimming in three dimen-
sions. (b) The decomposition of the motion of a circling par-
ticle in three dimensions. The local circling motion is around
ω. The motion of the circle’s center is along the dark thick
curve. ω is parallel to the tangent vector of the center line(the
dark thick curve).
of motion is composed of three coupled equations,
mR¨x = −m(R˙yωz − R˙zωy)−Dx
∂RxNs
Ns
−mηR˙x + Fx,
mR¨y = −m(R˙zωx − R˙xωz)−Dy
∂RyNs
Ns
−mηR˙y + Fy ,
mR¨z = −m(R˙xωy − R˙yωx)−Dz
∂RzNs
Ns
−mηR˙z + Fz.
We study the overdamped case, R¨x = 0, R¨y = 0, R¨z =
0.. The velocity of the circle center is
R˙x = −Dxx
∂RxNs
Ns
−Dxy
∂RyNs
Ns
−Dxz
∂RzNs
Ns
+ σxxFx + σxyFy + σxzFz ,
R˙y = −Dyx
∂RxNs
Ns
−Dyy
∂RxNs
Ns
−Dyz
∂RxNs
Ns
,
+ σyxFx + σyyFy + σyzFz ,
R˙z = −Dzx
∂RxNs
Ns
−Dzy
∂RxNs
Ns
−Dzz
∂RxNs
Ns
+ σzxFx + σzyFy + σzzFz . (F2)
Both the diffusion tensor and drift tensor are 3×3 matrix,
the relation between diffusion tensor and drifting tensor
are
Dxx = Dxσxx, Dxy = Dyσxy, Dxz = Dzσxz ,
Dyx = Dxσyx, Dyy = Dyσyy, Dyz = Dzσyz,
Dzx = Dxσzx, Dzy = Dyσzy, Dzz = Dzσzz , (F3)
The drifting tensor is defined by Eq. (D6). Follow-
ing the same calculation for two dimensional diffusion
theory, we get the diffusion equation in three dimen-
sions by substituting the velocity in to the conservation
equation ∂tNs + ∇R · Ns~V = 0. If the friction coeffi-
cient η = η(Rx, Ry, Rz), drift tensor σij = σ(Rx, Ry, Rz)
and diffusion tensor Di = Di(Rx, Ry, Rz) are all state-
dependent, the three dimensional diffusion equation is
∂Ns
∂t
+
∑
ij
∂
∂Ri
[σijFjNs]−
∑
ij
∂
∂Ri
[Dij
∂
∂Rj
Ns] = 0.
(F4)
For the special case that the friction coefficient η, drift
tensor σij and diffusion tensor Di are constants, we get
an explicit expansion of the diffusion equation,
∂Ns
∂t
− [Dxy +Dyx]∂Rx∂RyNs −Dxx∂
2
Rx
Ns
− [Dxz +Dzx]∂Rx∂RzNs −Dyy∂
2
Ry
Ns
− [Dzy +Dyz]∂Ry∂RzNs −Dzz∂
2
Rz
Ns
+ [σxxFx + σxyFy + σxzFz ] ∂RxNs
+ [σyxFx + σyyFy + σyzFz] ∂RyNs
+ [σzxFx + σzyFy + σzzFz] ∂RzNs
+ [σxx∂RxFx + σxy∂RxFy + σxz∂RxFz ] Ns
+ [σyx∂RyFx + σyy∂RyFy + σyz∂RyFz ] Ns
+ [σzx∂RzFx + σzy∂RzFy + σzz∂RzFz ] Ns
= 0. (F5)
One can choose different coordinates system to reformu-
late the three dimensional diffusion equation for the con-
venience of physics, especially when the physical system
has rotational symmetry. If the initial distribution of
particle has spherical symmetry, it is better to express
the diffusion equation by three dimensional polar coordi-
nates. When the density gradient distribution expands
away from the center, there would induce some trans-
verse flow distributed on the spherical surface. There is
a topological constrain on the distribution of the flows on
a sphere, it states there must exist two singular points at
which the flows contradict one another. The flow on the
sphere tend to fuse into the flow along radius.
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